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Abstract 

In this paper we establish the best constant Aopt{M) for the Trace Nash in- 
equahty on a n— dimensional compact Riemannian manifold in the presence 
of symmetries, which is an improvement over the classical case due to the 
symmetries which arise and reflect the geometry of manifold. This is partic- 
ularly true when the data of the problem is invariant under the action of an 
arbitrary compact subgroup G of the isometry group Is{M, g), where all the 
orbits have infinite cardinal. 
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1 Introduction 

We say that the Nash inequality ([T]) is valid if there exists a constant 
A>0 such that for all u e (M"), n>2 



u^dx] \Vufdx I I \u\dx\ (1) 
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Such an inequality first appeared in the celebrated paper of Nash [15], where 
he discussed the Holder regularity of solutions of divergence form in uniformly 
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elliptic equations. It is a particular case of the Gagliardo-Nirenberg type 
inequalities \\u\\r ^ C*! | Vm| |^ | |m| and it is well known that the Nash 
inequality ([1]) and the Euclidian type Sobolev inequality are equivalent in 
the sense that if one of them is valid, the other one is also valid (i.e. see 
[1]). It is, also, well known that with this procedure of passing from the one 
type of inequahties to the other, is impossible to compare the best constants, 
since the inequalities under use are not optimal. 

As far as the optimal version of Nash inequality ([1]) is concerned, the best 
constant Ao{n), that is 



A (n)-^ = inf I iMJV^I^^^^(/M>M^)^ 



u e (M") , u ^ 



has been computed by Carlen and Loss in [3], together with the characteri- 
zation of the extremals for the corresponding optimal inequality, as 



n + 2 

A f ^ (^ + 2) " 



where denotes the euclidian volume of the unit ball in and 
is the first Neumann eigenvalue for the Laplacian for radial functions in the 
unit ball S". 

For an example of application of the Nash inequality with the best constant, 
we refer to Kato [TH] and for a geometric proof with an asymptotically sharp 
constant, we refer to Beckner [2]. 

For compact Riemannian manifolds, the Nash inequality still holds with 
an additional L^— term and that is why we will refer this as the L^— Nash 
inequality. 

Given (M, g) a smooth compact Riemannian n— manifold, n > 2, we get here 
the existence of real constants A and B such that for any u G C°°(M), 

( [ U^dVg^ " [ \Vu\ldVg ( [ \U\ dVg^ ^ + 5 ^ / \u\ dVg^ ^ (2) 

\Jm J J M \J M J \J M J 

The best constant for this inequality is defined as 

Alp^{M) = inf {A > : 35 > s.t. ^ is trueVn G C°°(M)} 
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This inequality has been studied completely by Druet, Hebey and Vaugon. 
They proved in [B] that Al^^^M) = Aq^u), and ([2]) with its optimal constant 
A = Ao{n) is sometimes valid and sometimes not, depending on the geometry 
of M. 

Humbert in [llj studied the following L^— Nash inequality 

([ u'dVg) "^(a[ \Vu\ldVg + B [ U^dVg)([ \u\ dYg^ \ (S) 

\Jm J \ Jm Jm J \J M J 

for all u G C°° (M), of which the best constant is defined as 

Al^^{M) = inf {A > : 35 > s.t. © is trueVw G C°° (M)} 

Contrary to the sharp L^— Nash inequality, in this case, he proved that B 
always exists and A?^^^{M) = Aq^u). 

We denote = M""^ x [0, +oo) and dRl = M"-^ x {0}. The trace Nash 
inequality states that a constant A > exists such that for all u G C^(]R"), 
n>2 with Vm G L'^{W) and M|aM- G L^{dWl) n L'^{dWl) 

/ \ 

u^ds ) ^ 1 / \S/u\^dx [I \u\ds\ , (4) 



where ds is the standard volume element on M""^ and the trace of u on dW\ 
is also denoted by u. 

Let v4o(n) be the best constant in Nash inequality (jl]). That is 



Aq [n] ^ = inf 



/jgn |Vm| dx (^Jg^n \u \ ds 



n-1 



U 



u^ds 

The computation problem of the exact value of Aq (n) still remains open. 

For compact Riemannian manifolds with boundary, Humbert, also, stud- 
ied in [12] the trace Nash inequality. 

On smooth compact n— dimensional, n > 2, Riemannian manifolds with 
boundary, for all u G C°°(M), consider the following trace Nash inequality 

n 2 
n — 1 1^1 ^ ^ I \ I I \ n—1 



u^dSg] ^[A \Vu\ldVg + B / u'^dSg] [ I \u\dSg 

dAI J \ J M JdM J \JdM 



(5) 
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The best constant for the above inequahty is defined as 

Aopt{M) = inf |i > : 35 > s.t. 1^ is trueVw G (M)| 

It was proved in [12] that Aopt{M) = Ao{n), and ([5]) with its optimal con- 
stant A = AqIu) is always valid. 

In this paper we prove that, when the functions are invariant under an 
isometry group, all orbits of which are of infinite cardinal, the Nash inequali- 
ties can be improved, in the sense that we can get a higher critical exponent. 
More precisely we establish: 

(A) The best constant for the Nash inequality on compact Riemannian 
manifolds with boundary, invariant under the action of an arbitrary compact 
subgroup G of the isometry group Is{M, g), where all the orbits have infinite 
cardinal, and 

(B) The best constant for the Trace Nash inequality on compact Rie- 
mannian manifolds with boundary, invariant under the action of an arbitrary 
compact subgroup G of the isometry group Is{M, g), where all the orbits have 
infinite cardinal. 

These best constants are improvements over the classical cases due to the 
symmetries which arise and refiect the geometry of the manifold. 



2 Results and Examples 



2.1 Results 

Theorem 2.1 Let{M,g) be a smooth, compact n— dimensional Riemannian 
manifold, n>3, with boundary, G— invariant under the action of a subgroup 
G of the isometry group Is{M,g). Let k denotes the minimum orbit dimen- 
sion of G and V denotes the minimum of the volume of the k— dimension 
orbits. Then for any e > there exists a constant such that and for all 
u G H1q{M) the following inequality 

^ ({Ag + S)™ IVufdVg + Bj U^dVg 

V JM Jm 



X I / \u\ dVg 

M 



4 

n — k 
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holds, where Aq — ^"'-"a . 

Moreover the constants Aq is the best constant for this inequality. 



Theorem 2.2 Let {M,g) be a smooth, compact n— dimensional Riemannian 
manifold, n>3, with boundary, G— invariant under the action of a subgroup 
G of the isometry group Is{M,g). Let k denotes the minimum orbit dimen- 
sion of G and V denotes the minimum of the volume of the k— dimension 
orbits. Then for any e > there exists a constant such that and for all 
u e HIq{M) the following inequality 

n — k ^ ^ 

U^dSg]'"'' ^ ((AG+e)^^ [ \VufdVg + B,[ U^dSg 

dM J ^ Jm JdM 



X I / \u\dSg 

dM 



2 

n—k — 1 



Ao{n-k) 
1 



holds, where Aq 

Moreover the constants Aq is the best constant for this inequality. 



Corollary 2.1 For any £ > there exists a constant G^ such that and for 
all u e HIq{T) the following inequality holds 

Moreover the constant Aopt{T) — 2t{i-r) ^^^^ constant for this inequality 

and verifies 

3^3 ~ - 2 
47r2(Z-r) - ""'^^ - TT^il-r) 

2.2 Examples 

Example 1. Let T be the three dimensional solid torus 

T = ^{x,y,z) e : {^/ + y^ - l)^ + < / > r > o| , 

5 



with the metric induced by the metric. Let G = 0(2) x J be the group 
of rotations around axis z. All G— orbits of T are circles and the orbit of 
minimum volume is the circle of radius / — r, and of length 27r(/ — r). Then 
T is a compact 3— dimensional manifold with boundary, invariant under the 
action of the subgroup G of the isometry group 0(3). 

In [S] we found the best constant in inequality ^ in the 3— dimensional 
solid torus, which is G— invariant under the action of a subgroup G = O (2) x/ 
of the isometry group 0(3). 

Example 2. Let M'" = x M™, A; > 2, m > 1 and H C (M^'\{0}) x M™. 
Let Gfc^m = 0(A;) x Idm-, the subgroup of the isometry group 0{n) of the 
type (xi,X2) — ^ (cr(xi),X2), o G 0(A;), X\ G M'^, Xi G M™. Suppose that Q 
is invariant under the action of Gfc^m (T(fi) = fi,Vr G Gk,Tn)- Then f2 is a 
compact n— dimensional manifold with boundary, invariant under the action 
of the subgroup Gk,m of the isometry group 0(n). 



3 Notations and preliminary results 

Let {M,g) be a compact n— dimensional, n > 3, Riemannian manifold 
with boundary G— invariant under the action of a subgroup G of the isometry 
group I{M,g). We assume that {M,g) is a smooth bounded open subset of 
a slightly larger Riemannian manifold {M,g) (i.e. see [H]), invariant under 
the action of a subgroup G of the isometry group of (M, g). 
Consider the spaces of all G— invariant functions under the action of the 
group G 

G^(M) = {ue C°°{M) :uor = M,VrGG} 

Go^c(M) = {ue C^{M) -.uoT = u,\/t eG} 
Denote Hf{M) the completion of G°°(M) with respect to the norm 

ll'"lli/f(Af) = (il^'"llLP(Af) + ll'"llLP(Af)) ' 

and H'^q{M) the space of all G— invariant functions of Hf{M). 
For completeness we cite some background material and results from [3]. 
Given {M,g) a Riemannian manifold (complete or not, but connected), we 
denote by /(M, g) its group of isometrics. 

Let P & M and Op = {r(P), r G G} be its orbit of dimension k, ^ k < 
n. According to ([9J §9, [7J) the map $ : G — > Op, defined by $ (t) — t (-P), 
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is of rank k and there exists a submanifold of G of dimension k with 
Id & H, such that $ restricted to if is a diffeomorphism from H onto its 
image denoted Vp. 

Let be a submanifold of M of dimension {n — k), such that Tp$ (if) © 
TpN = TpM. Using the exponential map at P, we build a {n — k) — di- 
mensional submanifold Wp of A^, orthogonal to Op at P and such that for 
any Q G Wp, the minimizing geodesies of {M,g) joining P and Q are all 
contained in Wp. 

Let : HxWp M, be the map defined by ^ (r, Q) = r (Q). According 
to the local inverse theorem, there exists a neighborhood V[[d,p) C H x Wp 
of {Id,P) and a neighborhood Mp C M such that \E'"^ = (\l'i x \I'2), from 
Aip onto V(/d,p) is a diffeomorphism. 

Up to restricting Vp, we choose a normal chart (Vp, </9i) around P for 
the metric g induced on Op, with ipi (Vp) = U G M.^. In the same way, we 
choose a geodesic normal chart (Wp, ^52) around P for the metric g induced 
on Wp, with (Wp) = W C M"~^ 

We denote by ^1 = o $ o \Ef^, ^2 = ° ^2, ^ = {^1,^2) and = A^p. 

From the above and the Lemmas 1 and 2 in [TU] the following lemma 
holds: 

Lemma 3.1 Let {M,g) be a compact Riemannian n— manifold with bound- 
ary, G a compact subgroup of I {M,g), P & M with orbit of dimension k, 
^ k < n. Then there exists a chart (i^,^) around P such that the following 
properties are valid: 

1. ^{Q) = U X W, where U CR'' andW C M"-^ 

2. U , W are bounded, and W has smooth boundary. 

3. O' normal chart of M around of P, {Vp,(pi) is a normal chart 
around of P of submanifold O p and (Wp, (^2) is a normal geodesic chart 
around of P of submanifold Wp. 

4. For any e > 0, (fi,^) can be chosen such that: 



1 — e < \ det {gij) < 1 + e on f2, for 1 < i, j < n 




1 — e < \ det {g-ij) < 1 + e on Vp, for I < i,j < k. 
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5. For any u G C^(M), uo^ ^ depends only on W variables. 

We say that we choose a neighborhood of Op when we choose 5 > and 
we consider 

Op,s = {QeM ■.d{Q,0p)<5]. 

Such a neighborhood of Op is called a tubular neighborhood. 

Let P & and Op be its orbit of dimension k. Since the manifold M is 
included in M, we can choose a normal chart (i7p,^p) around P such that 
Lemma [3.11 holds for some Eq > 0. For any Q = t{P) G Op, where t E G, 
we build a chart around Q, denoted by (r(fip), ,^p o r^^) and "isometric" to 
{Qp,C,p). Op is then covered by such charts. We denote by (f2p,m)m=i,...,M a 
finite extract covering. Then we can choose 6 > small enough, depending 
on P and Eq such that the tubular neighborhood Op, s, (where d{-, Op) is the 
distance to the orbit) has the following properties: 
(0 ^P, <5 is a submanifold of M with boundary, 
(ii) d'^{-,Op), is a 0°° function on Op, ^ and 
(m) Op, 5 is covered by (fim)m=i,...,M- 

Clearly, M is covered by UpgA/Op, 5. We denote by {Oj^s)j=i,...,j a finite 
extract covering of M, where all O^-^^'s are covered by {^jm)m=i,...,Mj- Then 
we will have 

j=l V^m=l ^^01=1 

So we obtain a finite covering of M consisting of fij's, i = 1, ^j=i We 
choose such a covering in the following way: 

(i) If P lies in the interior of M, then there exist j, 1 < j < J and 
m, 1 < m < Mj such that the tubular neighborhood Oj^s and with 
P G fijm, lie entirely in M's interior, (that is, if P G M\dM, then 0^,5 C 
M\dM and ^]J>„ C M\dM). 

[a) If P lies on the boundary dM of M, then a j, 1 < j < J exists, 
such that the tubular neighborhood Oj^s intersects the boundary dM and an 
m, 1 < m < Mj exists, such that Qjm, with P G fljm, cuts a part of the 
boundary dM. Then the Qjm covers a patch of the boundary of M, and the 
whole of the boundary is covered by charts around P G dM. 

We denote the projection of the image of M, through the charts 
{^jm,Qm), j = 1, J, m = 1, ...,Mj, on M"-^. Then (iV,^) is a (n - A;)- 
dimensional compact submanifold of M"~^ with boundary and N is covered 



8 



by (Wi), i — 1, ■■■,'^j=iMj, where Wi is the component of ^i(ili) on R' 
foralH = l,..,E/=iM,- 



Let p be the projection of ^i{P), P E M on R""*^. Thus one of the following 
holds: 

(i) If p e N\dN, then Wi C N\dN and Wi is a normal geodesic neigh- 
borhood with normal geodesic coordinates {yi, ...,yn-k)- 

(ii) If p e dN, then Wi is a Fermi neighborhood with Fermi coordinates 

{yi, ...,yn-k-i,t). 

In these neighborhoods we have 



where Sq can be as small as we want, depending on the chosen covering. 
For convenience in the following we set 



1 — £o ^ y det (gij) ^ 1 + Eq on N, for 1 < i, j < n — k, 




Oj ^Oj,s^{Q&M: d{Q, Op.) < S} 



We still need the following lemma: 



Lemma 3.2 (a) For anyv & H^q [Oj fl M) ,v ^ the following properties 
are valid: 



1. 




2. 



{l-cso)V, [ \V-gV2rdvs^ 



VgvfdVg < (1 + c6o) V, [ \V-gV2\''dv-g 



Jn 



M 



JN 



(b) For any v G H^q {Oj fl dM) ,v ^ the following property is valid: 




where Vj — Vol (Oj), V2 — v o ^ 



and c is a positive constant. 



Moreover, we need the following propositions: 
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Proposition 3.1 For any e > and for all u G C^(M) the following in- 
equality holds 

n — k ~ 

\JdM / yn-k-l Jm 

3 



idM 



2 



X / \u\ dSg (6) 



where [rjj) is a partition of unity associating to (Oj). 
Proof. By Lemma [3.21 (b) with v = rjjU and p = 2 we obtain 

/ {rijufdSg !^{l + c6o)Vj {r]ju)ldsg (7) 

JdM JdN 

Let £0 > 0. Tlien tliere exist 6 > sucli tliat for any Q = ^(P) e ON, P e 
dM and for all G C^{Bq{5)), {Bq{5) is the {n - fc) -dimensional ball 
of radius 6 centered on Q), according to Theorem 2 of [12] the following 
inequality holds 

n — k 2 

(^ij'dsg^ ^ (io - ^) + f ) I'^-M'dv-g 101 dsg^ 

(8) 

where Ao(n — k) is the best constant of the trace Nash inequality 



1 n—k—1 I i I \ / I \ n— fc— 1 

.2j. \ ^ i ~A \ IVT^|2 T . , 5 / J,2, 



dS-g^J ^ [A I \V(j)fdV-g+B I (j)^dS-g] [ / \(j)\dS 

By dZD and ^ we have 

{r],uf dSg \ ^ [(1 + ceo) V^,]^ (^o {n - k) + ^) 



IdM 



X / \Vg{riju)^\^dv-gi I \{riju)^\ds-g 

Jn \JdN 

(9) 

From iQ and Lemma 13.21 arises 

[{l + ceo)Vj]^- 



n — k — 1 



{jiju) dSg J ^ 



n — k 

n-k I I I -J- r-rr. 1 \/ . I n-fc-1 



[(l_c5o)F,]^(l-ceo)l^i 
10 



2 

(r \ n-fc-l 

/ \ijl3u)\dSg 
JdM 



or 

n — k 



iVju) dSg "-^-1 ^ TT^ITT (^0 {n-k) + — ) 

dM J (1 - ceo) ^ ^ 1/, 



1 



X / \V,{r^,u)\'dVA I \{Vju)\dSg 

Jm \JdM J 

(10) 

Given e > we can choose > small enough such that 



' n — fc — 1 

i 

, 2 
n — A: — 1 



n — fc 



^ "^'^ """r (n - fc) + I) ^ io(n - fc) + e 



:i-c£o)"-^-i 



and then by (fTOj) we obtain ([6]). 

Proposition 3.2 For any e > anc? /or all u G Cq'(M) i/ie following in- 
equality holds 



n — k — 1 



AQ{n — k) + e 



u'^dSg] ^ ""''^ ' - I / \Vu\'dVg + C I u'dVg 

2 



X / \u\dSg (11) 

Proof. We set a-,- = — jj-^ ,j = 1,2,.., J and so {aj} is a partition of 

unity for M subordinated in the covering {Oj)j=i^2,...,j and functions ^yoj 
are smooth, G— invariants and there exist a constant H such that for any 
j = 1, J holds 

iV^oyl ^ (12) 

Let ueC^{M). Then we have 

/ u^dSa= I (iSo = / {^faiuY dSg (13) 
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By (fT5l) and Proposition 13.11 arises 



JdM 



Ao{n — k) + e 



dM 



jr n—k—1 
j 



M 



2 

n — k 



and since min Vj = V we obtain 



u dSn ^ 



Aoin — k) + e 



n — k — l 
n — k J 



dM 



\^ n-k-l 

Cij \u\dSg 



dM 



2 

n — k 



By Holder's inequality we have 
/oj \u\dSg 



dM 



2 

n — k 



dM 



aj \u\^y\u\ J dSg 



2 

n — k 



dM 



aj \u\dS^ 



1 

n — k 



\u\dSc_ 



and by (HM we obtain 



dM 



u^dSg ^ 



1 

'Y n-k-l 



\u\dS^ 



dM 



dM 



1 

n — k 



Moreover the following Holder's inequality 



12 



holds for any aj , hj nonnegative and for all p ^ 1 , 9 ^ 1 with ( 1 /p) + ( 1 /g) 
Setting in (fTB]l 



M 



|V(ya-n)|W, 



dM 



aj\u\dSf^ 



1 



n — k 

P = ; T, q = n-k 

n — k — 1 



we obtain 



A/ 



aj \u\dS^ 



1 

n — k 



n — k / J 



y / \u\dSg 



1 

71 — k 



\u\ dSc 



dM 



M 



By (IT5D and ([TTD arises 



u dSn ^ 



Ao (ra — fc) + e 



dM 



'y n-k-l 
J 



\u\dSc^ 



dM 



2 

n — k 



X 



.7=1 



Further more since 

|2 



|V(ya~M)| =aj|VM| +m2|V(^)| +2(Vn,V(^)) 
and since (1121) holds, after some computations we obtain 



3 



E/ l^(v^")r^^9 ^ / \^ufdVg + HJ [ U^dVg 

j^-^ Jm Jm Jm 

+2 y^i^ (V^i) ' u^dVg 
Jm 
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But 



Thus the following inequality holds 



V /" |V (v/a~u)|^d\/g ^ /" \VufdVg + C [ u^dVg 

j=l J M J M Jm 

Finally by ([IS]) and ([HD we have 



(19) 



y4o (ri — fc) + e 

dM \ ^n-fc-i / \JdM 



u'dSg ^ -OV^J^^^ 1^1^^^ 



2 

n — k 



n — k — l 



n — k 

Vu\"dVg+C I u'dVg ' 
M Jm 



and the proposition is proved. 



4 Proofs 



Proof of Theorem 12.11 The proof is based on [6j. Let as sketch the proof. 
Following the same steps as in Proposition 13.11 as well as by Lemma 13.21 and 
Theorem 1.1 in [6] we obtain that for any Eq > and for all u G C^{M) the 
following inequality holds 

n-fc+2 

\Jm / yn-k Jm 

j 



M 



4 

n — k 



x{ 7], \u\ dVg , (20) 



where (rjj) is a partition of unity associating to {Oj). 

Let {<yj}j=i,2,..,j a partition of unity for M as in Proposition 13.21 Since for 
any u E C°°{M) the following holds 
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where ||.|| stands for the L^— norm. 

By Holder's inequahty ||y/ajM||i < ||a;jn||J^^||M||J^^ from fl2UI) we obtain 

u'dV, ^ _^ i \U\ dVg ^ 

M \ Yn-k J \J M 

J n — k 



X 



By ([22D because of ^ and ^ with 



n-fc + 2 / / \ n — ;s + 2 

2, ■ 



«i = ( / |V(v^m)| rfFg , bj= [ aj\u\dV^ 

'M J \JdM 

n-k+2 n-k+2 



arises 



n — k 

,2 



n— n— fc 

'Aq {n - k) + ^ \ 



M 



4 

n — k 



Given £ > we can choose eo > such that 

Ao{n-k) + f ^ Ao{n- k) 



(21) 



m| rfK? (22) 



^ < ^ — + e 

n — k n — k 

and the theorem is proved. 

Proof of Theorem l2.2[ According to [8] (Lemma 4) there exists an orbit of 
minimum dimension k and of minimum volume. Let O be the orbit of dimen- 
sion k and of minimum volume, that is Vol{0) = mmVol{Oj)j=i^,,,^j = V. 
Let also the set O5 = {Q & M : d{Q, O) < 5}, where d{-, O) is the distance 
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to the orbit. For u G Cq{Os H M) by Proposition 13.21 because of Lemma [22] 
we have sequentially 

71 — k n — k 

r \ n-k-l / r \ n-fc-l 

(1 - ceo) V / ulds-g ^ / u'dSg 

JdN J \JdM J 



n — k — X 



^ Mi^LH/" /■ \VufdV,^C [ u'dV,] ( [ \u\dS, 
\Jm Jm J \JdM 



2 

n — fc — 1 



X (1 + ceo) ^ / 

^ ifi^ ^ [(1 + Co) ^ f / \Vu,\'dv, + C [ uldv,) 



2 



or 



X ( / |M2MSg 



n—k ~ n— fc+l 

9, \"-'=-i An(n-k) + ^(l + c^n) "-fe-i , 1 I 2 n-fc 
?/or/s- < — — ^ ^-^ ■ — T/J-+„_fc_i-„-fc-i 



X 



/ \Vu2fdvg + C / Ugrft^j 
J AT Jn 



7i — k — l 



X ( / \u2\dSi 
IdN 



n — k ^ ^ n — fc + 1 ~ 

n — k — 1 



2, ^ , (1 + c5o)™ Ao {n-k) + f 

dN / (1 _ ceo)"-''-! \/n-fc-l 



X ( / \\/U2\^dVg + C / MgC/Wj 

\Jn Jn 

(. 2 
/" \ n-fc-l 
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n—k n—k+l 



fc-i ^ 2 / 



X ( \ I Vm2|^ (it'g + C / uldvg 

N Jn 

2 

X ( / \u2\ds1 

'dN 



hence, given e > 0, we choose > small enough to imply 

(^J uldsg^ ^ (^Ao{n-k)+e^ (^j dv-g + C J ujdvg^ 

. 2 

\ n-fc-l 

\u2\ds-g\ (23) 
By (!23l) and Theorem 2 in [12] arises 

n — k 

(^j u^dsg^ ^ ^ (ra - A;) + e j J \Vu2f dvg + J uldsg^ 



x\^J^Ju2\ds-gj (24) 

Since the best constant of the trace Nash inequality in M has the same 
value with the best constant of the trace Nash inequality of the manifold Os, 
suppose that for any a > there exists > such that 

1 

T/ n-k-l 

A, = inf/, e (25) 

where 



UaM<dSg)-~^-^ 

and 

A = {uEHlaiM):u\9M^0} 
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Thus there exists Ua G Hf^i^Os) such that 

1 



Ao{n — k) + 6 
By (l26l) and Proposition 13.21 we have 

[(1 - ceo) y]^^ (Xv I VgMal^ f^t^g + a /g^ u^dsg) (/^^ Im^Ms^) 



n~k n—K 

[(1 + ceo) V^]™ {SaN^ld^a)™ 



'y n-fc-l 



ylo(n — A;) + £ 



or 



Un 1^9^^!^ + « !dN ^l^^a) Hon Kl^Sg) -""^ 

n — k 



[{l + ceo)V]^->'-^ 

[(1 - CEo) 



(ra — A;) + e 
1 

\/' n-k-l 



(l + C£o)"-fe-i ^i^_l 2 

1/ n — fe — 1 n — fc — 1 

n-fc+1 ' 

(1 — C^o)""'""^ 



^ n-fc-1 



AQ{n — k) + e 



(1 + C£:o) "-'=-1 
(1 — C£:o)""'°"^ 

n — k 

(1 + ceo)""''"^ 

n-fc + l 



'Y n-k-l 



AqIu — k) + e 



(1 - ceo)^^=^ \Ao{n - k) + e 
thus for £0 small enough we have 

2 2 



(1 + ^) 



< 



(n - k) 



-e 
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The latter inequality for e small enough yields 



Because of ( |24|) . inequality ( 1271) is false and the proof is complete. 
Proof of Corollary 12. 1[ The proof of the first part of Corollary 12.11 arises 
immediately by Theorem 12.21 (An another proof is presented in |5j ) . For 
the second part we use Theorem 1 in [12] , since we have calculated the value 
of the first Neumann eigenvalue for the Laplacian on radial functions on the 
interval [—1, 1] . 
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